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Problems for you to solve: solutions
Problem 1 There are two concrete staircases, both one meter high and two meters long. The first
staircase has seven steps and the second has nine, as shown in the diagram. Will the runner that
completely covers the first staircase also completely cover the second one? (A runner is a long strip of
carpet for covering the stairs.)

Solution: The length of the runners is the same. In order to find the length of a runner, we need to add the sum of the
lengths of the vertical parts to the sum of the lengths of all horizontal parts. And the sum of the lengths of the vertical
parts equals the height of the staircase, i.e., 1 meter (can you see it?). Likewise, the sum of the lengths of all the
horizontal parts equals the length of the staircase, i.e., 2 meters. Hence the length of each runner is 3 meters (= 1 + 2).
Note: Apparently, the same argument would apply to the staircase with a 100, or a 1,000, or a million steps, right? And if
we try to picture a staircase with a million steps we’ll see ‘almost’ a right triangle with the height of 1 meter, the length
of 2 meters, and the hypotenuse of 3 meters! What’s wrong with this argument?
Problem 2 Is it possible to place dots into cells of an 8-by-8 square (no more than one dot per cell) so that the number of
dots in every column is the same, while no two rows have the same number of dots?
Solution: We can find a solution by a trial-and-error method. Or we can help ourselves by
using some logic. There are 8 rows, and each row has no less than 0 and no more than 8 dots,
the number of dots in each row must be chosen from among the numbers 0, 1, 2, 3, 4, 5, 6, 7,
and 8, and each number can be chosen no more than once. Hence we can - and must - omit
exactly one of them. But which one? Since each column must have the same number of dots,
the total number of dots must be divisible by 8. We know that 0+1+2+3+4+5+6+7+8=36. Which
of these numbers could be subtracted from 36 so that the remaining number is divisible by 8? A
quick check shows that only 4 works. Thus the rows must contain 0, 1, 2, 3, 5, 6, 7, and 8 dots,
while each column must contain 4 dots (32 ÷ 8 = 4). One possible arrangement is on the right.
Problem 3 What fraction of the area of this regular pentagram is painted green?
Solution: Looking at the picture below, we see that the pentagram consists of the
central regular pentagon and five adjacent triangles, which we will call its rays. Drawing
two diagonals in the central pentagons as shown divides the pentagon into three
triangles - two obtuse triangles which are congruent to each other, and the third acute
triangle which is congruent to a ray of the pentagram (can you prove that they are
actually congruent?).

Now we can see that the shaded part of the pentagram consists of three acute triangles and
one obtuse triangle, and the remaining part also consists of the same three acute and one
obtuse triangles. Thus these two parts of the pentagram have equal areas, and therefore
exactly half of the pentagram is painted green.
Problem 4

Prove that
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1 + 2 + 3 + … + 𝑛 = (1 + 2 + 3 + … + 𝑛)
Solution: Look at the pictures below.

And the next picture illustrates the case when n = 5.

These illustrations would also be helpful if you want to prove the identity rigorously and use induction on n. You
should notice that according to the illustration it might be a good idea to consider two cases, when n is odd, and
when n is even.

A starter problem for your problem-posing and modeling
Person A takes 1 minute to cross a bridge, Person B takes 2 min, Person C takes 5 min,
and Person D takes 8 min. It is dark, and they must carry a torch to cross. Two people
can walk close together if one carries the torch, but the bridge will break if more than
two people step on it. All four people must cross with just one torch, and take no more
than 15 minutes to cross. Can they cross, or will they fail?
In this diagram, the vertical axis is time:
The two fastest walkers A and B cross first. Then, counter-intuitively, the second fastest B
goes back, and two slowest walkers C and D cross together. Finally, the fastest one A
goes back, and takes the second fastest B across.
If we stare at the diagram long enough, the strategy might become intuitive.
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Write us if you want to share your thoughts or have any
questions! Use the contact form at:
https://aimathcircles.org/minibluebird/

