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Introduction
We started by reading a quote by J.C. Elliot-High Eagle: “Freedom of free thought—not thoughts of what we have been
taught to think. It means throwing away all your old ideas that you’ve been comfortable with. Fear of the unknown has
always been a stumbling block. You must be willing to totally let go of yourself, without fear, and without fear of what you
will find.” And we also listened to him playing his own composition on traditional flute
https://www.youtube.com/watch?v=mwpN0-oE3rQ
Then we looked at the character featured in the first problem - Tawa, the personification of Sun in Hopi culture. We talked
about Hopi people, who they are and where they live.
The Hopi Tribe is a sovereign nation located in northeastern Arizona:

The Hopi reservation encompasses more than 1.5 million acres, and is made up of 12 villages on three mesas. A mesa is a
flat-topped mountain or hill. It is a wide, flat, elevated landform with steep sides. Mesa is a Spanish word that means table.
Spanish explorers of the American southwest, where many mesas are found, used the word because the tops of mesas look
like the tops of tables. Three of the Hopi villages can be seen at the photo below:
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Hopi land is very beautiful, but it is an austere beauty (not unlike beauty in mathematics).
Then we asked participants about their whereabouts. Here are some answers:
- Nadvirna, Ivano-Frankivsk Oblast (Maksym)
- Dnipro (Oksana)
- Khmelnytskyi (Yulia)
- Kyiv (Anna, Oleksii)
- Cherkasy (Larisa)

- Chernivtsi (Valentina)
- Pyryatyn (Olena)
- Düsseldorf, Germany (Elena)
- Cary, North Carolina, USA (Maria)
- San Jose, California, USA (Tatiana)

It’s amazing to have people from so many different places meeting all together in the same space and doing mathematics
together. And yes, now we were ready and eager to start solving problems.

Family Math Circle: Chessboard and Tiling Mathematics
At this point, we asked people to choose one of the following three problems and work on the problem for the next 20
minutes.
Problem 1
1. Tawa (Sun) is standing with a large sack of corn kernels in one corner of a
100-by-85 chessboard-like field, and at this point, the field is empty.
He can take a step from any one of the squares to one of the adjacent squares (up,
down, left, or right, but not diagonally). When he moves to a new empty square, he
puts a kernel down on it. But if the new square already has a kernel, Tawa removes
the kernel.
Is it possible for Tawa to walk around the field in such a way that in the end there is
exactly one kernel lying in each of the black squares and no kernels lying in the white
squares?
Problem 2
For the sequence of shapes 1, 2, and 3 on the left, find the next 4th shape.
How many grid squares will each shape (including the 4th one) have? How
many squares will the 100th one (or in general, the nth one) have?
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Problem 3
Find the number of ways to tile each of the three shapes above with 2-by-1 dominos.
After 20 minutes we started to discuss various things people discovered. As it turned out, many participants attempted to
solve more than one problem. It was impressive! We asked people to type in chat which problems they worked on. Here is a
list (some people didn’t share their choice. It’s a pity - we’d like to acknowledge everybody’s work. Please, don’t be so shy
next time).
- Problem 1: Anna S., Maksym S., Konstantin K., Yulia K., Kilrilo M.
- Problem 2: Oleksii K., Max B., Maksym S., Anna S., Larisa K., Oksana B., Elena K., Svitlana K., Konstantin K., Kirilo M.
- Problem 3: Max B., Anna S., Elena K., Svitlana K.
We asked volunteers to share their solutions, and we are grateful to those who did. In particular, Kirilo M., Oleksii K., Maksym
S., Anna S., Max B., and Katia A. contributed to solutions below.
Problem 1 solution
To begin with, we realize that the field Tawa is dealing with is too big. So it’s a good idea to start with a smaller field, say,
2-by-5, or 3-by-5, or 6-by-6. And if we start with these small fields, we get a positive result after a few trials. Moreover, we
can obtain a general strategy which works for a field of any size! One strategy can be described as a two-stage process:
A. Draw any path which starts at the first square and goes through each square exactly once. For example, snaking up
the first column, then down the second column, then up the third column, etc. would be one such path.
B. Proceed walking along the path step by step. When you come to a square, turn back and look at the previous square.
If it is in the right state (empty for a white square, and having a seed for a black square), then take one step forward.
If it is in the wrong state then take a step backwards thus making that square right. Keep repeating this process until
reaching the end of the path.
Two possible paths through a 6-by-6 field are shown below. Use the steps in part B above to see how to complete the task in
each case.
Are we done? Yes, we are - if we just want to answer the
question stated in the problem. But there are other questions
that we might think about. For example:
● How many steps did Tawa take to complete the job?
● Is it possible to complete it using fewer steps?
● What is the least number of steps required to complete
the task?
Let Sunflower Bluebird know if you resolve any of these
additional questions, or if you have a different solution for the main question, or if you think of any other questions.
Problem 2 solution
There are many possible ways to think about these shapes, and each way would result in an interesting approach to
constructing subsequent shapes and to counting grid squares in each of them. The following is a very geometrically attractive
one.
For each shape, let’s draw a horizontal and a vertical line through the center. These lines divide each figure into four
congruent parts. Let’s look at the shaded part in each figure. We can see that each figure is generated by the shaded part as
follows: (a) reflect it across the vertical line; (b) reflect the obtained two-part figure across the horizontal line.
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Now look at the sequence of shaded figures. It seems that the next figure in this sequence must be a ‘staircase’ with 4 steps,
and if we perform the two reflections (a) and (b) we obtain the next, 4th figure:

Let’s count the grid squares in each figure:
Figure 1: the number of squares in the shaded part is 1, so the total is 4 · 1 = 4.
Figure 2: the number of squares in the shaded part is 1 + 2, so the total is 4 · (1 + 2) = 4 · 3 = 12.
Figure 3: the number of squares in the shaded part is 1 + 2 + 3, so the total is 4 · (1 + 2 + 3) = 4 · 6 = 24.
Figure 4: similarly, the total number of squares is 4 · (1 + 2 + 3 + 4) = 4 · 10 = 40.
In general, for the nth figure the number of squares is
4 · (1 + 2 + 3 +... + 𝑛) = 4 ·

𝑛(𝑛+1)
2

= 2𝑛(𝑛 + 1).

Note: the sum of the first n positive integers (1 + 2 + 3 +... + 𝑛) is called ‘the nth
triangular number,’ and it’s often denoted by 𝑇𝑛. So we might write the number of squares
in the nth figure as 4𝑇𝑛.
By the way, do you see how the figure on the right illustrates the fact that 𝑇𝑛 =

𝑛(𝑛+1)
2

?

Problem 3 solution
We need to make sure that we agree on a couple of rules. First, all dominos are identical. And second, we do not allow
turning around the paper - so tiling the first figure by two horizontal or by two vertical dominos are counted as two different
tilings.
If you don’t want to follow these rules (or one of them) then you will be solving a different problem, and we’d be happy to
hear your solution - let us know what you find. But we proceed with both rules in place.
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Many participants agreed on the following numbers of all possible tilings for figures 1 and 2:
●
●

Figure 1: there are 2 tilings.
Figure 2: there are 8 tilings.

All these tilings are shown below:

Make sure to verify that we have really listed all possible tilings for figure 2!
If you have enough time and patience, you’ll find that there are 64 possible tilings for figure 3.
What about figure 4? It seems pretty obvious that there’s many more possibilities, right? But how many? A hundred? More
than a hundred? More than 200? What’s your guess?
Well, the correct number is 1024!
So we have the following sequence (of the number of tilings): 2, 8, 64, 1024. Do we see a pattern? If not, let’s write the
1

3

6

10

same sequence in a different form: 2 , 2 , 2 , 2
. The exponents look familiar, don’t they? Yes, you’re right - they are
triangular numbers! In fact, it can be proved that the number of possible tilings of the nth shape is
𝑇𝑛

2

=2

𝑛(𝑛+1)
2

Some Additional Mathematics for a Curious Reader
Even though the shapes in problems 2 and 3 are very commonly used in many Native American cultures, and arguably most
often in Hopi arts and crafts (as seen in the pictures), they’ve got a title of ‘Aztec Diamonds’ in combinatorics.

Sunflower Bluebird Math Circle Issue 3 Recap, July 2022 | For classrooms, math circles, and family mathematics | Creative Commons BY-NC-SA license | p.5

Hopi pottery by Ethel Youvella and by Dee Setalla, and Navajo rug by an unknown artist
There are many interesting results about Aztec Diamonds and their tilings with 2-by-1 dominos - for example, the above
𝑛(𝑛+1)

mentioned fact that the number of different tilings of an Aztec Diamond of order n is 2 2 . An Aztec Diamond of order n is
obtained by reflections of a staircase with n steps - it’s what we called the nth figure in the previous section.
Here is one more interesting fact. Let’s color a diamond in a checkerboard fashion. In a tiling, each domino will cover exactly
one black square. It is customary to color all dominos in a tiling as follows: if the top of a vertical tile covers a black square we
color it red; if the bottom of a vertical tile covers a black square we color it green; if the left half of a horizontal tile covers a
black square we color it yellow; and if the right half of a horizontal tile covers a black square we color it blue. Now, look at
the next picture.
The picture shows a randomly-tiled Aztec Diamond of
order n (can you figure out the value of n?). We see an
astonishing effect: in each of the four corners of the
diamond all dominos have the same color! This is known
as the Arctic Circle Theorem: it’s been proved that for a
large Aztec Diamond the ‘polar regions’ where the
domino colors are ‘frozen’ into a brickwork pattern are
almost always the regions outside the inscribed circle.
To learn more about Aztec Diamonds you might read a
very interesting article “My Life With Aztec Diamonds”
by Professor James Propp.

https://mathenchant.wordpress.com/2021/01/16/my-life-with-aztec-diamonds/

Submit your math-related questions at https://www.facebook.com/SunflowerBluebird
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