BLUEBIRD MATH CIRCLE
Alliance of Indigenous Math Circles
Issue 11 Recap: Geometries of the
World and Their Powers
Share your problems, solutions, models, stories, and art:
https://aimathcircles.org/Bluebird

NEWSFLASH Join LIVE Bluebird Math
Circle with friends and family.
September 13th, 5-6 PM MDT online.
Sign up at
https://aimathcircles.org/Bluebird

Introduction
After the traditional minute of listening to the peaceful bluebird song while thinking up our math questions, we looked at
photos and paintings of people practicing geometries. Geometries, plural: as in, different traditions for working with shape
and measure, with different toolkits from different times.
Where in the world were we? When?

Images by Terazaki, VisualStories on YouTube, and NASA
Participants recognized each practice, including the three pictured above: sand-drawings and storytelling in Africa; origami
and peg-and-rope altars in Asia; compass and straightedge in Europe; plane-folding in Earth's orbit; computer-based art… All
these practices, ancient and new, are still alive. By now, they are widely shared. People around the world enjoy these
geometries and use them for practical applications. For example, NASA engineers fold and unfold solar panels in space using
origami techniques. We played with some of these practices to prepare for the Navajo Hogan geometry at the next meeting,
in the context of other geometries and their tools.

Geometries of the World and Their Powers
Each geometry has its own tools and rules that give rise to certain construction powers. As you'd expect in a realistic story,
powers come with corresponding weaknesses. What is easy for one geometry is quite challenging or even impossible in
another.
For example, we can use origami techniques to fold any angle made of paper into three equal angles. To trisect an angle
drawn on the ground, a Navajo Hogan builder would first use a rope to encircle the angle. Then the builder would measure
the arc with the rope, and fold that measure into three equal pieces. However, it's absolutely impossible to trisect an angle
with the compass and straightedge toolkit from Euclid's geometry. https://en.wikipedia.org/wiki/Angle_trisection
How can we get a taste of powers and weaknesses of each geometry? To do so, our participants set out on a quest to
construct the most basic shapes of modern life: squares and circles.
Look around you now, as participants did before starting. There are right angles everywhere. Containers, books, rooms, and
many other things in our lives feature rectangles. That's because bricks, sheets of paper, square boxes and so on stack and
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tessellate so easily. Industrial fabrication is modular: shapes are made of other shapes. Squarish shapes are easy to make,
and easy to fit together.
Circles and their 3D cousins (spheres, cylinders, cones) are also ubiquitous in all human cultures. While mugs, plates,
baskets, or door knobs don't stack as neatly as bricks, they fit human needs and human body geometry. From ancient
weavers and potters to modern lathe engineers, circles have been a human universal across cultures. Some tribes around
the world had no use for right angles until modernity, but circles appeared everywhere.
The first toolkit participants used had paper, and only paper. The participants were told they could fold the paper
point-to-point or line-to-line, as their only rules.
We didn't formally introduce the Huzita-Hatori Origami Axioms. If you are curious, check out that formal mathematics,
published in the 1990s. It spells out the implications of these intuitive rules.
https://en.wikipedia.org/wiki/Huzita–Hatori_axioms
Of course, one should always expect the unexpected at math circles! We
expected the participants to use the right angles at the corners of their paper
sheets to make their squares. Some participants brought graph paper, and used
the lines. The graph paper lines added a tool to their toolkit, making it more
powerful than plain paper.
As we would see two weeks later, in Bluebird Issue 12, Navajo Hogan builders use
cardinal directions in their geometric constructions. The cardinal directions add a
lot of power to the Navajo Hogan geometry. On paper, we can model
North-South and East-West directions by following graph paper lines.
How do you know that the shape you made is actually a square? Dawnlei Ben
suggested folding the shape in two along the diagonals and the middle lines, to
make sure the sides and the angles all line up (and therefore, are equal).
What about making circles by folding a regular sheet of paper? Wesley Hamilton said, "I am
at the square now. I don't think I can get an actual circle. But I can start to approximate a
circle, in such a way that if I did this procedure infinitely many times, then maybe I might get
it."
Our paper creations are models. All models are wrong, but some models are useful. Our
paper squares and circles are not ideal: they are approximate. Yet in our imagination—that
is, our mathematics—the procedure we are modeling produces ideal shapes.
Tatiana Shubin pointed out that paper is theoretically impossible to fold more than 14 times. Folding and cutting corners, we
can only get that close to a circle, if we are working with actual paper. Adding scissors as a tool changes what shapes we can
make, compared to only folding without cutting.
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We could also trace a cup on paper, if we were short on patience. A cup is a new tool in the toolkit, and each added tool
increases our possibilities.
Back to folding and only folding (no extra tools), there was a method for
circles that Colin M. explained thus: "I took my square and had been folding it
on the backside, so the front is nice and pretty. I take a corner of my new
shape, and then I bend it halfway down between the other two vertices,
halfway folded in. I do that on all the sides. So it's kind of more circular."
Dawnlei Ben had a similar but different method for folding a square into a
circle. She shortened folded corners with each iterations (halves, quarters,
etc.) The method produced a pretty close approximation, that is, a "very
circular" result. As with a square, she checked her method by folding her
shape through the middle and seeing its two halves match. A circle has
infinitely many symmetry lines through the middle, so multiple folds give
multiple opportunities to check.
In our minds, we can imagine folding corners in again and again and again, and the shape reaching some limit. Is that limit a
circle? Such questions about infinite alterations to shapes can be very subtle.
Here is a joke "proof" that Pi=4.

Image: a popular version of the meme "proving" that Pi=4
How does this work? The "proof" sneakily replaces a circle with a circle-ish fractal. The fractal looks close enough to a circle,
but it's much longer. For a party trick, try to convince your friends that Pi=4.
We then used an entirely different toolkit: a programming language called Scratch. You can find that free program here:
https://scratch.mit.edu
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Scratch is relatively human-readable; whether you already know it or not, please take a look at the short Scratch program
the participants created for drawing squares. On the right, you can see Scratch the cat, who's almost done executing the
program. As you can see, the idea is using the coordinates we don't see, but the cat (the software) does know. This is similar
to the way several geometries of the world use the cardinal directions in their constructions. Navajo Hogan geometry and
peg-and-rope altar geometry from India are two examples we considered.

Participants then had a chance to make their own squares and circles using Scratch, or GeoGebra construction software, or a
strip of paper (string, yarn, etc.) if they preferred hands-on work to digital.
https://geogebra.org/geometry
Madison F. said, "I just made this little square right here,"
explaining her sketch in GeoGebra. Her circle was made
with the built-in circle tool: that's quite easy with
GeoGebra, participants said. Meanwhile, her square took
the segment tool and the "snap to the grid" feature, which
moves points that are close enough to grid lines. Without
the grid, building a square in Euclid Geometry or GeoGebra
would require many steps with both compass and
straightedge tools.

New Questions for Bluebird
Is it possible to have a certain number of points on the circle, so that when we start at a point and keep
skipping the same number of points, we keep going forever, never coming back to the starting point? –
from Tatiana Shubin
What happens if we make a square building that doesn't have right angles in the corners? –
from Beth Cammarata
When you draw a square, you can check by folding diagonally that it truly is a square. But how can you
check by folding that you have a circle? Even if you drew it some other way? Suppose we have a circular
'patty paper'. Can we check by folding that it's really a circle? – from Mark Saul
What is bluebird’s favorite shape? – from Wesley Hamilton
BLUEBIRD SAYS—Curious questions. I will fly around and seek an answer. Watch this space in the next flyer!

Submit your math-related questions at https://aimathcircles.org/Bluebird
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