BLUEBIRD MATH CIRCLE
Alliance of Indigenous Math Circles
Issue 21 Recap: Making Things
Equal
Share your problems, solutions, models, stories, and art:
https://aimathcircles.org/Bluebird

NEWSFLASH Join LIVE Bluebird Math
Circle with friends and family.
February 28, 5-6 PM MST online.
Sign up at
https://aimathcircles.org/Bluebird

Introduction
We began the session by putting our thinking caps on and trying to solve a warm-up puzzle:
Split the figure on the grid into two equal parts (so that you can place one part on top of the other one and they completely
coincide). You can move the pieces any way you want – slide, turn them around, or flip them.

And after a few minutes, a number of participants found an answer:

Daniela explained how she came up with her solution: “We see the two triangular shapes, one at the top, and another at the
bottom left. So it seemed that they had to belong to each of the two parts because they were equal to each other. Also, there
are these two rectangles. And then there are the two remaining squares; they also go to the two separate figures:
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"And then we assemble all these parts to produce the desired two figures.”

Donna made an interesting remark about the figure. The shape was suggested by a Coyote fetish created by a Zuni artist. She
said that fetishes are a part of Native American art. Artists take natural stones and shape them, usually giving them animal
form such as bears, or buffalo, or coyotes, as in this case. You can see how the outline of the coyote suggests the figure we
had in the puzzle:

Family Circle: Making Shares or Numbers Equal
Next thing we did together was reading and discussing the two problems in issue 21. We made sure everyone understood
the questions before splitting into separate teams and going to breakout rooms where we investigated the problems and
tried to solve them. When we came back, participants shared their observations and ideas. In what follows, these ideas are
further developed to provide some amazing results.
Problem 1: Once upon a time on a faraway planet there was an island nation called Bluebird Nest. When the people of
Bluebird Nest wanted to appoint the leader, they asked candidates to demonstrate their cleverness, generosity, and fairness.
Each candidate was given 100 coins, each coin of different value: 1 blue dollar, 2 blue dollars, 3 blue dollars, etc, all the way
to 100 blue dollars, and they were told to distribute the money among people. Whoever distributes the money among the
largest number of people in such a way that every person gets the same total value becomes the leader. Could you help?
Solution: Let’s start with a few examples. As has been shown in the newsletter:
● If we have only 3 coins then they can be divided between 2 people, so that one person receives a 3-dollar coin and
the other one gets a 1-dollar and 2-dollar coins. Thus, the total value each of the two people receives is 3 dollars. For
convenience, we’ll record it as {1, 2} and {3} shares.
● If we have 4 coins, they again can be divided between two people, with the equal shares being {1, 4} and {2, 3}.
What if we have 5 coins? Suppose that one person receives a 5-dollar coin. We’re left with 1-dollar, 2-dollar, 3-dollar, and
4-dollar coins. We observe that 1 + 4 = 5, and 2 +3 = 5, so we can divide 5 coins into 3 equal shares: {1, 4}, {2, 3}, {5}.
With 6 coins we have a case similar to the situation with 4 coins above: we split them between 3 people with the equal
shares being {1, 6}, {2, 5}, {3, 4}.
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It looks like we’ve got a pattern which will help us to distribute 100 coins, or 101 coins, or actually any number of coins!
In fact, 100 coins can be distributed evenly between 50 people with the shares being
{1, 100}, {2, 99}, {3, 98}, … , {50, 51}
The … marks mean that you should continue forming the shares by increasing the first number by 1 and decreasing the
second number 1, until the first number becomes 50, and second number becomes 51. Each one of 50 people will have two
coins with the total amount of 51 dollars.
Similarly, 101 coins can be divided between 51 people so that each person’s total value is 101 dollars; each of 50 people
obtains 2 coins, while one person gets only one 101-dollar coin. The shares are:
{1, 100}, {2, 99}, {3, 98}, … , {50, 51}, {101}.
In general, for any number N of coins, we have two cases, depending on whether N is even or odd:
If N is even, then N = 2n for some positive integer n. In this case, the coins can be divided among n (or, which is the same,
N/2) people. Each person receives two coins for the total value of N + 1 dollars, with the shares being
{1, N}, {2, N-1}, {3, N-2}, … , {n, n+1}.
If N is odd, then N = 2n + 1 for some positive integer n. In this case, the coins can be divided among n + 1 (or, which is the
same, (N + 1)/2 ) people. Each person receives the total value of N dollars; each of n people gets 2 coins, and one person
receives one coin, with the following shares:
{1, N-1}, {2, N-2}, {3, N-3}, … , {n, n+1}, {N}.
One remaining question is whether we could divide the coins among any larger number of people. Again, let’s start with
some concrete values of N.
If we have only 5 coins (N = 5), someone must receive a 5-dollar coin, so every share must be at least 5 dollars. But there was
only one 5-dollar coin, so every other person must get at least two coins to match it. So we can’t have more than (5 – 1)/2 =
2 shares besides the person with the 5-dollar coin. Hence the total number of people among whom the coins could be
divided evenly cannot be larger than
(5 – 1)/2 +1 = 2 + 2 = 3.
We can argue in the same way for any odd number N = 2n + 1. One person receives the N-dollar coin, hence every remaining
person must have at least two coins to match it, so the total number of people can’t be larger than
(N – 1)/2 + 1 = ((2n + 1) – 1)/2 + 1 = n +1.
Does this approach work if N is even? Let’s suppose N = 6 (as in the example we saw earlier). One person gets the 6-dollar
coin, so the rest of the people must have at least two coins in their share to match it, hence the total number of people must
be no more than (6 – 1)/2 + 1 = 5/2 + 1 = 3.5. But since the number of people is an integer, it must be no larger than 3.
In general, if N is even (so that N = 2n), using the same logic we see that the total number of equal shares cannot be larger
than
(N – 1)/2 + 1 = (2n – 1)/2 + 1 = n – ½ +1 = n +½.
Since the number of shares is an integer, it cannot be larger than n.
Hence, we have demonstrated how to divide N coins evenly among the largest possible number of people for any value of N.
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Some additional comments
Participants noticed that to produce equal shares one needs to pair up the smallest and the largest of the remaining coins.
And this reminded us of a method used to sum up consecutive positive integers (whole numbers) or to find triangular
numbers. You might remember triangular numbers from earlier issues of the Bluebird MC newsletter – see, in particular,
Issue 14 and Issue 14 Recap at https://aimathcircles.org/category/bbflyers/
Three different ways of finding the sum 1+2+3+4+5+6+7+8+9+10 are illustrated below:

This illustration is taken from a very interesting article “Gauss’s Day of Reckoning” by Brian Hayes
https://www.americanscientist.org/article/gausss-day-of-reckoning
The general formula for the sum of the first N whole numbers will be used in what follows – where we count the least
number of moves required to make the piles equal.
Problem 2: Make the piles equal
The game starts with N piles of stones. The first pile has just 1 stone, the second pile has 2 stones, the third pile has 3 stones,
etc. A move consists of adding 1 stone to each of any two piles of our choice. If we are allowed to make any number of
moves, can we end up with all piles having the same number of stones?
Try to answer the question if (a) N = 11; (b) N = 12; (c) N = 13; (d) N = 14. Did you notice any patterns?
Solution: Starting with a large number of piles seems too difficult. So, let’s consider small number of piles first:
A. N = 1. If we have only one pile we’re done, since we don’t need to make any moves to have the same number of
stones in the piles.
B. N = 2. If we have two piles with 1 and 2 stones, every move will add 1 stone to each pile, so we’ll have the following
sequence of piles: 1, 2 → 2, 3 →3, 4 →4, 5 →… Second pile always has one more stone than the first pile, so
making the piles equal is impossible.
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C. N = 3. Equal piles can be obtained in 3 steps as shown:

During the first move we add 2 green stones, during the second move we add 2 red stones, and during the third
move we add 2 blue stones. We record this as 1,2,3 → 2,3,3 → 3,4,3 → 4,4,4. Notice that in this recording the
number of moves equals the number of arrows.
D. N = 4. Equal piles can be obtained in 3 steps: 1, 2, 3, 4 → 2, 3, 3, 4 → 3, 4, 3, 4 → 4, 4, 4, 4
E. N = 5. Equal piles can be achieved in 5 steps: 1,2,3,4,5→2,3,3,4,5→3,4,3,4,5→4,4,4,4,5→5,5,4,4,5→5,5,5,5,5
F. N =6. After playing with this case for quite some time we couldn’t get it done. So we had a suspicion that it might be
impossible. So we looked at it this way: We start with the total number of stones being 1 + 2 + 3 + 4 + 5 + 6 = 21,
which is odd, and at every move we add two stones, so after any number of moves we’ve added an even number of
stones. And the sum of an odd number and an even number is odd. Hence no matter how many moves we make,
the total number of stones will not be even, and it won’t be divisible into 6 piles evenly.
Let’s look at the cases above carefully. You might have already noticed that there is something similar in parts (D) and (E). In
fact, the 3 moves we made in (D) were repeated in (E) and this resulted in making the first four piles having the same
number of stones (these piles are shown in red). This will actually work for any group of four piles where the first pile has
any number of stones (denoted by x below), the next pile has that number plus one, etc.:
x, x+1, x+2 x+3, x+4 → x+2, x+3, x+3, x+4 → x+3, x+4, x+3, x+4 → x+4, x+4, x+4, x+4
After we made 4 piles of equal sizes, we can make the number in each pile as large as we need by keeping adding one stone
to a pair of piles at each move. Thus we can always achieve the goal if N is divisible by 4. But even better, if we combine this
observation with the results in (C) and (E), we will see that we can make piles equal in cases when N leaves the remainder of
1 or 3 when divided by 4.
For example, let N = 11 (=4×2 +3). Let’s make the following moves:
1,2,3,4, 5,6,7,8, 9,10,11 → 2,3,3,4, 5,6,7,8, 9,10,11 → 3,4,3,4, 5,6,7,8, 9,10,11 → 4,4,4,4, 5,6,7,8, 9,10,11 → 4,4,4,4, 6,7,7,8,
9,10,11 → 4,4,4,4, 7,8,7,8, 9,10,11 → 4,4,4,4, 8,8,8,8, 9,10,11 → 4,4,4,4, 8,8,8,8, 10,11,11 → 4,4,4,4, 8,8,8,8, 11,12,11 →
4,4,4,4, 8,8,8,8, 12,12,12 → 5,5,4,4, 8,8,8,8, 12,12,12 → 6,6,4,4, 8,8,8,8, 12,12,12 → 7,7,4,4, 8,8,8,8, 12,12,12 → 8,8,4,4,
8,8,8,8, 12,12,12 → 9,9,4,4, 8,8,8,8, 12,12,12 → 10,10,4,4, 8,8,8,8, 12,12,12 → 11,11,4,4, 8,8,8,8, 12,12,12 → 12,12,4,4,
8,8,8,8, 12,12,12 → 12,12,5,5, 8,8,8,8, 12,12,12 → 12,12,6,6, 8,8,8,8, 12,12,12 → 12,12,7,7, 8,8,8,8, 12,12,12 → 12,12,8,8,
8,8,8,8, 12,12,12 → 12,12,9,9, 8,8,8,8, 12,12,12 → 12,12,10,10, 8,8,8,8, 12,12,12 → 12,12,11,11, 8,8,8,8, 12,12,12 →
12,12,12,12, 8,8,8,8, 12,12,12 → 12,12,12,12, 9,9,8,8, 12,12,12 → 12,12,12,12, 10,10,8,8, 12,12,12 → 12,12,12,12,
11,11,8,8, 12,12,12 → 12,12,12,12, 12,12,8,8, 12,12,12 → 12,12,12,12, 12,12,9,9, 12,12,12 → 12,12,12,12, 12,12,10,10,
12,12,12 → 12,12,12,12, 12,12,11,11, 12,12,12 → 12,12,12,12, 12,12,12,12, 12,12,12
Try to apply this method when N = 12 ( = 4×3) and when N = 13 (= 4×3 +1) (Note: for N=13, first, break piles into 3 groups of
4, plus the remaining pile of 13 stones. After 3 moves, the first group will be 4,4,4,4. After 3 more moves the second group
will be 8,8,8,8. After the next three moves, the third group will be 12,12,12,12. Now take two piles at a time to add stones
until every pile has 12 stones.)
And the case when N has the remainder of 2 when divided by 4 is similar to the case in part (f) above – the goal cannot be
achieved. Indeed, suppose N = 4n + 2. The sum total of all the stones to begin with is
1 + 2 + 3 + … + N = N(N +1)/2 = (4n +2)(4n +3)/2 = (2n + 1)(4n +3), a product of two odd numbers, which is odd. Since we
add two stones at every move, it means that the total number of stones added after any number of moves is even. Hence
the total number of stones after any number of moves will be the sum of an odd number and an even number, which is odd.
Hence it can’t be evenly divisible by N, an even number. Hence the total number of stones after any number of moves can’t
be evenly distributed among N piles.
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The next question we might ask is this: What is the least number of moves needed to achieve the goal? As we’ve seen above,
there is a method leading to having N stones in every pile if N is divisible by 4 or has the remainder of 1 when divided by 4.
(The standard way to say this in mathematics is “N is congruent to 0 or 1 modulo 4. This is also written as N ≡ 0,1 (mod 4).)
Obviously, this is the smallest number in each pile that we can hope for, since the last pile already has this number of stones
when we begin. How many stones have we added? To answer this question we need to subtract the number of stones we
started with (which is 1 + 2 + 3 + … + N = N(N +1)/2) from the number of stones when each of the N piles has N stones in it
2

(which is N×N = 𝑁 ). Thus the total number of stones added is
2

2

2

2

2

2

𝑁 - (N+1)/2 = 𝑁 – (𝑁 +N)/2= (2𝑁 - 𝑁 - N)/2 = (𝑁 - N )/2 =N(N-1)/2.
Since we add 2 stones at every move, the number of moves which allows us to add that many stones is
(N(N-1)/2)/2 = N(N-1)/4.
Let’s check this formula:
If N = 1, we have 1(1-1)/4 = 0 moves.
If N = 4, we have 4(4-1)/4 = 3 moves.
If N = 5, we have 5(5-1)/4 = 5 moves.
Compare these three results with our observations (A), (D), and (E) above.
Let’s count the number of moves if N ≡ 3 (mod 4), so that N = 4n + 3 for some integer n (like N = 3 (= 4×0 +3) or N = 11 (= 4×2
+3). When we start, the last pile has N stones, so we must end up with N or more stones in each pile. If we end up with N
stones in every pile, then the total number of moves would be again N(N-1)/4 = (4n+3)(4n +2)/4 = (4n+3)(2n +1)/2. But
(4n+3) is odd, and (2n+1) is also odd, so their product is odd as well, and hence isn’t divisible by 2. This means that we can’t
ever have each pile having N stones. The next smallest number of stones in every pile would be N+1, and the total number of
stones would be N(N+1). This means that we have added N(N+1) – (N(N+1))/2 = N(N+1)/2 stones, therefore, we’ve used
N(N+1)/4 moves.
Let’s verify:
If N =3, we have 3(3+1)/4 = 3 moves (exactly as in part (C) above).
If N = 11, we have 11(11+1)/4 = 33 moves. Count the moves (i.e., the number of arrows) in the example above to see
if it checks!
More observations
In Problem 2 we stumbled upon an interesting phenomenon – sometimes achieving a goal is impossible. In some cases,
recognizing the impossibility can be not that hard to see (like when we start with just two piles), but in other cases we might
spend quite some time striving to reach the goal and only after considerable efforts it might dawn on us that the task is
impossible. But when this thought occurs, we need to have a watertight argument which demonstrates that this is so – that
we don’t get the result not because we haven’t tried hard enough but because the result is not possible, ever. We were able
to accomplish this for six piles, and in general, for any N≡2 (mod 4), or in other words, for any number of piles such that
when we divide the number by 4 the remainder is 2. Our proof should convince anybody that if they start with, say, 102 piles
they should not waste any time trying to make the piles equal – the task is impossible.
It is a very valuable thing – and not only in mathematics – to be able to recognize with 100% certainty that something isn’t
possible.

Ask Bluebird any question you want!
BLUEBIRD SAYS— I will fly around and seek answers to all your questions. Watch this space in the next
newsletter issue!

Share your ideas and submit your math-related questions at https://aimathcircles.org/Bluebird
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