BLUEBIRD MATH CIRCLE
Alliance of Indigenous Math Circles
Issue 17 Recap—Sizes of Infinity
Share your problems, solutions, models, stories, and art:
https://aimathcircles.org/Bluebird

NEWSFLASH Join LIVE Bluebird Math
Circle with friends and family.
December 13, 5-6 PM MST online.
Sign up at
https://aimathcircles.org/Bluebird

Introduction
It was a very exciting meeting, since we had students and teachers from four different schools among the participants: DEAP
public charter school, Navajo, NM; Little Singer Community School, Winslow, AZ; Magnolia Elementary School, Lumberton,
NC; Tuba City Boarding School, Tuba City, AZ. As a tribute to these members of the Bluebird Math Circle, below is a puzzle
(which is especially relevant, given the topic of our next Flyer #18).

In the diagram, letters A, B, C, D stand for the four cities (not in the same order): Lumberton, NC; Tuba City, AZ; Navajo, NM;
Winslow, AZ. Distances between the cities are given in miles, as crow flies.
Can you match each of the four points with one of the four cities?

Sizes of Infinity
We started the session with a warm-up activity, trying to decide whether two given sets were of the same size.
But first, we wanted to make sure that we all understood what was meant by the size, and how we know whether or not sets
have the same size. Those people who participated in the November 15 meeting were reminded of the activities we did
then. Those who missed that meeting didn’t find the idea too strange, either. See Flyer and Recap #16:
https://aimathcircles.org/issue-16-strange-properties-of-infinity-full-color-pdf/
https://aimathcircles.org/issue-16-community-recap-strange-properties-of-infinity-full-color-pdf/
Imagine that you come to a big room where lots of people sit on the chairs (say, a movie theater). You can immediately tell
that there is exactly the same number of people and chairs in the room. How did you figure that out? The answer is
simple—there are no empty chairs, and no people are standing. Another way to say this: people and chairs are all paired up.
Using more standard mathematical wording, the set of people and the set of chairs are in one-to-one correspondence with
one another. And this fact allows us to say that these two sets are of the same size.
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If we look at the left picture above, we can see why the scale is in equilibrium—because we can pair up all positive integers
(on the left pan of the scale) and all integers (on the right pan) as follows:
1 ↔ 0; 2 ↔ -1; 3 ↔ 1; 4 ↔-2; 5 ↔ 2, etc.
The arrows show this pairing in the following picture:

Because the elements in these two sets have been paired up, we can’t help but agree that the sets are of the same size.
Hence the scale must be in balance.
Now let’s compare the set of all points of the green semicircle and all points of the blue line. Pick any point on the line (we
denote it as point M in the diagram below) and connect it to point P, the center of the semicircle. The line that connects M
and P will intersect the semicircle at exactly one point (point N in the diagram). M and N are a pair of points, one from the
line and one from the semicircle.

This construction shows that we can pair up all points of the semicircle and all points of the line, and hence they have the
same size!
At the afterparty, we watched a pretty 2-minute video with a similar idea in
three dimensions, called Moebius Transformations Revealed:
https://www.youtube.com/watch?v=0z1fIsUNhO4
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Next, we considered the following problem: suppose we have an infinite stack of cards labeled with positive integers (also
called counting numbers) 1, 2, 3, …. We also have two infinite rows of ducks

Our goal is to place one card on each duck via a clearly seen pattern, so that every duck gets its label after a finite number of
steps. After a few minutes of thinking, people came up with several different ways, like in the two diagrams below.

There are many, many other ways. Can you invent your own?
But people also pointed out that simply going along the first row won’t work—since the row contains infinitely many ducks,
we will never come down to the second row.
Next, we decided to go to breakout rooms and discuss the remaining two problems (illustrated below) there.

Problem 1

Problem 2

In each problem, we need to decide how to distribute tickets with numbers 1, 2, 3, 4, and so on among all the ducks. We
want to make sure that every duck, no matter where it is in a row or how far down a column, eventually gets a ticket with a
counting number on it.
After about 20 minutes we all came back together again and talked about our discoveries.
People from one room reported, “We are so happy to report that in our room we have solved both problems.” To explain,
Dawnlei Ben showed the following two pictures:
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Then she went on to tell us more about her solutions: “This one had a starting point. So that's where we started, and I just
zigzagged back and forth and thought of a Christmas tree. That’s the perfect way to put lights on a tree mathematically. Yeah,
that’s how all our trees should look now:

"I put up my tree yesterday, so it started making me do that. And then when you put the star on the top you see the
ornaments and the lights from the top view and then your cords wrap around it. That gave me the idea of just looking from
the top of the tree down here:

"Looking at things in nature that you see from one angle only and then changing your viewpoint is revealing. It reminds me
of coming up from the canyon and looking at things from above—you see different sides of it.”
Seeing things from different viewpoint

1.

2.

These pictures show Canyon De Chelly: (1) from the bottom; and (2) from the top.
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And the next picture shows Seattle from the top of a tall building:

The next report was from the second breakout room: “Ours is easy to report. We did the exact same thing, except that Mark
asked us to find where the card with number 17 would be placed. We discussed this problem, but found no easy way.”
People kept thinking about this question, and later in the week Anna sent Bluebird her ideas—see the Further Exploration
for a Curious Reader part of the recap.
We also talked about how you can reduce Problem 2 to Problem 1: make the spiral and then just cross out everything that
you don’t want.

Actually, this could be done no matter how you solve Problem 2. The spiral in the above picture is just one possible way out
of many. You can always cross out what you don’t want, and have a solution to Problem 1 left.
Next, it was time to come to the heart of the matter—the question of whether or not we can count all positive rational
numbers. Or all rational numbers: positive, negative, and 0.
As a transition from ducks to rational numbers, we looked back at the math puzzle at the beginning of the flyer and tried to
solve it. The question is, “What is 3/7 chicken, 2/3 cat, and 2/4 goat?”
Donna Fernandez pointed out, “Chicken has seven letters so c-h-I would make 3/7 of it; likewise, 2/3 cat is c-a, and g-o is 2/4
goat.” Hence the answer is Chicago!
Now we recall that a number is called rational if it can be written as a ratio of two integers, as 3/7, or 2/3, or 2/4 in the
puzzle. Other examples are 1, since it can be written as 1/1, or -5/7, or 7.333… which can be written as 22/3.
We started with positive rational numbers and arranged them as the ducks in our Problem 1 above:
1/1
2/1
3/1
4/1
.
.
.

1/2
2/2
3/2
4/2
.
.
.

1/3
2/3
3/3
4/3
.
.
.

1/4
2/4
3/4
4/4
.
.
.

1/5 …
2/5 …
3/5 …
4/5 …
.
.
.
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The first row contains all possible rational numbers with 1 on top and the bottoms are all the counting numbers in order. The
second row has all possible rational numbers with 2 on top, etc.
Why are some numbers in the array in red? People quickly realized that those were repeats: 1/1 equals 1, and 2/2 equals the
same number, 1; similarly, 2/4 is the same as 1/2, and so on.
Now we can place cards with counting numbers on the positive rational
numbers as we did for the ducks, only whenever we see a red number, we
skip it. For example, if we go along the upwards diagonals we place:
Card 1 on 1/1
Card 2 on 2/1
Card 3 on 1/2
Card 4 on 3/1
Card 5 on 1/3
Card 6 on 4/1
Card 7 on 3/2
Card 8 on 2/3
Card 9 on 1/4, and so on.
Similarly, we can arrange all rational numbers—positive, negative, and 0—as ducks with rows and columns extending
infinitely far in all four directions. Then we can label them with counting numbers. For example, using the spirals, and
skipping all repetitions, as in the above case with positive rationals.
Now we can make the following (amazing!) conclusion: the set of all positive rational numbers is of the same size as the set
of counting numbers. Likewise, the set of all rational numbers is also of the same size.
So it looks as if every infinite set has the same size. But this is not so. The two flyers 16 and 17 have been created because
Craig Young of Tuba City Boarding School once asked Bluebird, “How many different sizes of infinity are there?” If you read
the answer that Bluebird gives in Flyer 17, you will see that it turns out that there are infinitely many different sizes of
infinity. And the size of infinity which we’ve just talked about—the set of all positive integers (counting numbers)—is the
smallest size of infinity. But if we count all points on the number line—all points, not just integers or rational numbers
(remember that blue line we started with?)—this is a different size of infinity. This size of infinity is bigger than the previous
one.
In fact, there are infinitely many different sizes of infinity, which is mind-blowing in a way. Yet mathematicians developed
instruments to measure and deal with these infinities of infinities. Mathematics is that powerful, and Bluebird is glad that
you enjoy exploring it.
In Native American cultures the idea of infinity is very much present.
Tatiana Shubin says, “I once heard Steven Darden, one of the AISES elders, talk about infinities. He mentioned something
about different planes of existence: that there are infinitely many different levels of existence, and that every level of
existence is infinite. So it actually resonates with something about different sizes of infinity.”
The last thing mentioned at the session was that hummingbirds are present
in many cultures, including Native American cultures. In Flyer 17 you can see
a picture of a hummingbird by Sgaana Jaad (April White), a Haida artist.
Hummingbirds are pretty often associated with eternity or infinity. When
hummingbirds are hovering in the air, their wingtips trace a figure that looks
like the symbol of infinity ∞. Hummingbirds are the only birds that can do
this.
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More Exploration for a Curious Reader
Even after the ‘official’ meeting ended, people stayed on, talking and discussing various aspects of the activities we just did.
Nelareese Y., a Tuba City Boarding School student, came up with another way to spiral around the ducks:

And even later, some people continued thinking about questions raised at the meeting. A few days ago, Bluebird received the
following letter from Anna Marmor, a teacher at Mosaic Agile Learning Center in Charlotte, NC, who attended the meeting
together with her son.
Hello Bluebird friends,
My son and I enjoyed attending the math circle tonight. Thanks! He has been asking a lot of questions about infinity lately,
and though some of this was a stretch for him, he enjoyed playing with it more.
I have played around with infinities some in the past, but enjoyed taking a new perspective on it. In particular, I was thinking
more about the question that Mark had posed in our breakout group about a way to know the position of a particular duck's
number in the ducks on the infinite plane. While playing with it we all arranged the ducks using diagonals in the first example,
but if instead we used L shapes (sort of like the spiral in the second example), then we can find the position of any particular
duck. Since they form very nice squares, all we need to do is find the nearest square number smaller than the target number.
For example, 17 is relatively simple since 16 is the nearest smaller square then it is in the 5th column and 1st row. So how
about another harder example, say 217. This is a little more complicated, but still doable without having to count too much.
196 (14 squared) is the closest so it is in the 15th L. Since 217 is more than 15 away from 196 it won't be in the 15th column.
That stops at 211. We then count backwards in the 15th row, putting us at the 9th column. This would work even in the
example with infinite ducks in all directions too. Still, it's not exactly intuitive...

Bluebird Math Circle Issue 17 Recap, Dec. 2021 | For classrooms, math circles, and family mathematics | Creative Commons BY-NC-SA license by Alliance of Indigenous Math Circles 7

Another thought is numbering them like this:

Is it any easier? 17 is still in the same position, but 217 would be in the 15th column now because it is odd and the 11th row
(half the difference between 196 and 217 rounded up.) I think it's easier, but I don't see a way to extend it easily to the second
example.
I think I'll leave it at that for now.
Thanks again,
Anna
Bluebird is immensely happy that people keep thinking about these questions, and thanks Anna for sharing her thoughts.
That’s exactly what we’re looking for!
Now let us change the question slightly (or rather, let’s change the viewpoint). We want to decide what number will land on
the duck at a given position, i.e., can we find the duck’s number if we know which row and column it sits at?
There are many ways to solve the problem. In what follows we offer two possibilities.
To begin with, we’ll assume a labeling going upwards along diagonals. We start at the white square
(a very short ‘diagonal’), then go up the red diagonal, then up the green one, followed by yellow
one, then blue one, and so on. This will result in the following numbering:

We observe that the numbers of ducks in the first row are 1, 3, 6, 10, 15, …. And we recognize these as triangular numbers.
See Flyer and Recap #14:
https://aimathcircles.org/issue-13-polygonal-numbers-full-color-pdf/
https://aimathcircles.org/issue-14-community-recap-polygonal-numbers-full-color-pdf/
Hence the duck which sits in the nth column of the first row has the label which is the nth triangular number T(n) = n(n+1)/2.
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Likewise, labels of the ducks in the second row are 2, 5, 9, 14, 20, … which we recognize as numbers one less than a
triangular number each. In fact, the duck which sits in the nth column of the 2nd row has the label of T(n + 1) – 1.
Observing the 3rd row, we can see that the duck in the nth column has the label of T(n + 2) – 2.
In general, the duck sitting in the nth column of the mth row has the label of
T(n + (m - 1)) – (m – 1) = T(n + m – 1) – m + 1 = ((n + m – 1)(n + m))/2 – m + 1.
For example, if m = 1 (so that we are in the 1st row) according to the above formula the ducks will have labels T(n + 1 – 1) – 1
+ 1 = T(n), i.e., triangular numbers 1, 3, 6, 10, …, as we have already seen. And for the first column n = 1, so the labels going
down the first column could be obtained as T(1 + m – 1) – m + 1 = T(m) – m + 1. Thus we get the numbers 1 – 1 + 1 =1, 3 – 2
+ 1 = 2, 6 – 3 + 1 = 4, 10 – 4 + 1 = 7, 15 – 5 + 1 = 11, etc.
We obtain a different solution if we consider the labeling obtained if we start with spirals and cut off three quarters of the
array (as in the diagram we've seen above, repeated here). We will proceed by L-shaped paths in the remaining quarter:

We start with the top left square, then go to the red path, then to the green one, then to the orange path, followed by the
blue one, and so on. For each path we start at its bottom left square and move to the right and then up. This will result in the
following labels:

The first thing jumping out in this picture is the fact that the top row consists of consecutive perfect squares. Then we see
that going down the column from each square we keep reducing numbers by one until we reach the red staircase. We also
see that for each square above the staircase the row number is less than or equal to the column number. Hence we conclude
that if m ≤ n, then the duck sitting in the mth row and the nth column will have the number
n2 – (m – 1) = n2 – m +1

(formula 1)

Similar observation shows that below the staircase, i.e., when m > n, the duck sitting in the mth row and nth column will have
the number
(m – 1)2 + n

(formula 2)
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For example, if we want to see what number the duck in row 5 and column 6 will have, we first observe that 5 < 6, so the
number must be 62 – 5 + 1 = 36 – 5 + 1 = 32. (Look at the picture above to check).
If we are interested in the number of the duck in row 6 and column 3, then we should use the second formula (since 6 > 3),
so the number must be (6 – 1)2 + 3 = 25 + 3 = 28. (Compare this with the table).
Of course, these formulas allow us to find the number for the duck not only at the little table exhibited above, but for any
position. Say we wonder what the label is of the duck in row 100 and column 100. No problem! Since 100 = 100, the position
is above the staircase. So we must use the first formula, and hence, the duck in question will have the label of 1002 – 100 + 1
= 9,901.
To summarize, we have considered two different ways of placing labels on the ducks: (a) going along the diagonals, and (b)
going by L-shaped paths. In each case we found a formula which allows us to find the number that corresponds to a given
position in the array. Those people familiar with the idea of a function will recognize this as defining a function from the set
of all possible positions to the set of counting numbers. And here is a challenge for the reader: for each of these two
functions, can you find its inverse function (i.e, finding the position corresponding to a given counting number)? Figuring out
the inverse will soundly close up any gap one might feel in proving a one-to-one correspondence between the elements in
the array (in Problem 1) and the set of counting numbers.
Share your ideas with other Bluebird Math Circle participants at https://aimathcircles.org/Bluebird

Ask Bluebird any question you want!

BLUEBIRD SAYS—I will fly around and seek an answer. Watch this space in the next flyers!

Submit your math-related questions at https://aimathcircles.org/Bluebird
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