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Family Circle: Polygonal Numbers

The Bluebird MC meeting on October 18 was very special. It was led by a teacher/student
team. Donna Fernandez and her students from Navajo Prep School—Yilnazbah W. and
Watson W.—led the participants through an introductory part to a computer game
Weave-by-Numbers which they have recently created.

Donna says, “I was so pleased to see new and old faces at Bluebird Math Circles. The
Bluebird Math Circles opened with an engaging problem on redesigning the stars on the
flag. The challenge was to add one more star to the 50 stars on the current flag. Attendees
came up with various drawings to keep symmetry or redesign the flag. I was impressed with
Aliana T. who worked for a while and then showed a circular design. Other participants
talked about setting stars in the middle first and then using the remaining stars to fill in the
quadrants.”

Here are designs for a 51-star flag by Aliana T., Yilnazbah W., and Beth Cammarata:

It’s possible to use figurate numbers for a pleasing design with 51 stars:

Here we used two triangular and one square number.

Moreover, 51 is the 6th pentagonal number (see Bluebird Flyer Issue 14), so the stars can be placed as the dots are there.
Also, 51 is the 5th centered pentagonal number. A centered pentagonal number is a centered figurate number that represents
a pentagon with a dot in the center and all other dots surrounding the center in successive pentagonal layers.
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Here is a picture of the 5th centered pentagonal number:

We can see that it consists of dots making five triangular numbers, plus dots on five rays (each ray contains four dots, not
counting the dot at the center), plus the central dot. So the total number of dots is 5 × 6 + 5 × 4 + 1 = 51

In general, the nth centered pentagonal number consists of the dots in five (n-2)th triangular numbers, five rays each
containing (n-1) dots (not counting the central dot), plus one dot in the center. Thus the total number of dots in the nth

centered pentagonal number is equal to 5(𝑛 − 2)((𝑛 − 2) + 1)/2 + 5(𝑛 − 1) + 1 = (5𝑛2 − 5𝑛 + 2)/2

In the expression above we used the fact that the mth triangular number equals . We will discuss this result𝑚(𝑚 + 1)/2
below, when talking about discoveries made in the breakout rooms.

After having so much fun with 51 stars, we spent a few minutes thinking about a 52-star flag. There were several ideas,
including the following design:

Next, we went to separate breakout rooms to investigate polygonal numbers.

Donna reports: “ Some students and Beth Cammarata were in my room.  We started with the triangular numbers. Students
needed more assistance in understanding the pattern, so we looked at the numerical pattern. I discussed the story of Gauss
solving the problem when he was a young boy.. Students mainly listened. Beth identified that there were 50 pairs summing
to 101, so the total must be 5050. We looked at a smaller case to understand the nth pattern.”
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One way to approach the problem is as follows. Suppose we want to find the 5th triangular number, T(5).

We know that T(5) = 1 + 2 + 3 + 4 + 5, but also T(5) = 5 + 4 + 3 + 2 + 1.

Thus 2T(5) = (1 + 5) + (2 + 4) + (3 + 3) + (4 + 2) + (5 + 1) = 6 + 6 + 6 + 6 +6, and hence 𝑇(5) = (5 × 6)/2

We can illustrate it by the following picture:

The staircase with blank squares represents the 5th triangular number. Likewise, the shaded upside down staircase also
represents that number. Together, they form a 5-by-6 rectangle, which contains squares. Since this equals the total5 × 6
number of squares in two copies of the 5th triangular number, we need to divide it by 2 in order to obtain T(5).

We can imagine making a similar picture to represent two mth triangular numbers: at the bottom, we will have a staircase of
length m, and on top of it, another upside down staircase. Together, they will form a rectangle of length m and of height
(m+1), so that there will be m(m+1) squares. Since there are two copies of the mth triangular number in the rectangle, we
obtain the formula for the mth triangular number: T(m) = (m(m +1))/2.

In another breakout room, participants noticed that finding a pattern for triangular numbers was easy–we just need to add
next whole number, like so:

T(1) = 1,
T(2) = 1 + 2 = T(1) + 2,
T(3) = (1 + 2) + 3 = T(2) + 3,
T(4) = T(3) + 4,
etc.

But finding a general formula for the nth triangular number is difficult.

On the other hand, finding a pattern for square numbers is trickier–we looked at the representation in the flyer 14 and
noticed (watch the new layer of the same-colored dots) that

S(1) = 1,
S(2) = S(1) + 3,
S(3) = S(2) + 5,
S(4) = S(3) +7,
and so on.

But each shape is simply a square, so the number of dots in the nth square is n2. Hence .𝑆(𝑛) = 𝑛2

Combining the formula and our earlier observation about the pattern in the square numbers, we concluded that

1 + 3 + 5 + 7 +...  + (2𝑛 − 1) = 𝑛2,

a totally unexpected bonus!
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Donna speaking again: “From there we moved onto the game, Weave-by-Number. Students picked numbers and gave me
instructions on increasing or decreasing the base and height. They enjoyed the challenge in attempting to get the target
number. We played several numbers; they were successful in getting to the target number. I liked how students tried to figure
out what would happen when the base was increased.”

In another breakout room, participants observed that in most cases the objects formed a trapezoid–thus the name of
trapezoidal numbers. We tried to reach a few numbers, then wondered if there were any ‘unreachable’ numbers. Another
question was if it is possible to reach a given number in more than one way. We didn’t have time to study or answer these
questions. Maybe you, the reader, will help?

To play the game, go to https://roshan2205.github.io/Weave-By-Number/

Share your ideas with other Bluebird Math Circle participants at https://aimathcircles.org/Bluebird

New Questions for Bluebird

Can a triangular number be a square number? - from Mark Saul

BLUEBIRD SAYS—Curious question. I will fly around and seek an answer. Watch this space in the next flyer!

Submit your math-related questions at https://aimathcircles.org/Bluebird
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